Abstract In this paper, a new collocation method, which is based on Boubaker polynomials, is introduced for the approximate solutions of mixed linear integro-differential-difference equations under the mixed conditions. The aim of this article is to present the applicability and validity of the technique and the comparisons are made with the existing results. The results demonstrate the accuracy and efficiency of the present work.
Introduction
In recent years, there has been a growing interest in the numerical treatment of the integro-differential-difference equations (IDDEs), which are combinations that the unknown functions appear under the sign of integration and it also contain the derivatives and functional arguments of the unknown functions. The problem's integral part can be classified into Fredholm and Volterra integral equation. The upper bound of the region for integral part of Volterra type is variable, while it is a fixed point number for that of Fredholm type. In this study, we deal with Fredholm integro-differential-difference equations, but all algorithms in our study can be adapted to Volterra integro-differential-difference equations with a little modification. Integro-differential-difference equations are significant branch of modern mathematics and arise frequently in many applied areas including engineering, mechanics, physics, chemistry, astronomy, biology, economics, potential theory, electrostatics, etc. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The mentioned IDDEs are usually difficult to solve analytically, so the approximate methods and the numerical methods are required.
In recent years, both mathematicians and physicists have devoted considerable effort to the study of numerical solutions of the integro-differential-difference equations. Many powerful methods have been presented. For instance, Chebyshev collocation [13, 14] , Taylor collocation [15] and Bessel collocation [16] , Tau method [17] [18] [19] [20] , Legendre wavelet [21] , Sine-Cosine wavelets [22] , finite difference method [23] , Rationalized Haar functions method [24] , Cas wavelet [25] , differential transform [26] , Homotopy perturbation [27] , the Monte Carlo method [28] and the Direct method [29] .
In this study, we will consider the following integro-differential-difference equation, 
where the known functions P k ðxÞ; P Ã r ðxÞ; gðxÞ; Kðx; tÞ are defined on interval a 6 x, t 6 b, y(x) is an unknown function and also a ik , b ik , c ik and k i are real or complex constants. The aim of this study is to get solution of the problem (1) and (2) as the truncated Boubaker series defined by
where B n (x), n = 0, 1, 2, . . . denote the Boubaker polynomials; b n , 0 6 n 6 N are unknown Boubaker coefficients, and N is chosen any positive integer such that N P m. To find a numeric solution in the form (3) of the problem (1) and (2), we use the collocation points defined by
Here the standard Boubaker polynomials are defined by Ä Å is denotes the floor function.
Fundamental relations
Firstly, we can write the Boubaker polynomials B n (x) in the matrix form as follows
where
By using the expression (5) and taking n = 0, 1, . . . , N, we find the corresponding matrix relation as
where 2   6  6  6  6  6  6  6  6  6  6  6  4   3   7  7  7  7  7  7  7  7  7  7  7  5 if N is even, 
or from relations (6), (7) and (10), we obtain the following matrix forms
and
To obtain the matrix X (k) (x) in terms of the matrix X(x), we can use the following procedure: 
where Consequently, by substituting the matrix form (12) and (13) into (10) we have the matrix relation
By putting x fi x À s in the relation (6) we obtain the matrix form
Similar to (13) , the relation between the matrix X(x À s) and Differentiate both side of (16) with respect to x and using the relation of (13) we get
Thus, from (12) and (18), we can write
To obtain the desired solution, we can use Boubaker collocation method; therefore, we substitute collocation points (4) into Eq. (8) and obtain the system
So that
then we can write the system (20) in the matrix form 
Matrix relations for the differential part D(x)
To reduce the part D(x) to the matrix form by means of the collocation points (4), we first write the matrix D defined in Eq. (23) as By substituting collocation points (4) into Eq. (14), we have the matrix equation
where 
Consequently, from the matrix forms (25) and (27), we obtain the fundamental matrix relation for the differential part
Matrix relations for the differential-difference part F(x)
Secondly, Let us find the matrix F corresponding to the part F(x). From (9) we can write F(x) in matrix form
or briefly
Matrix relations for the integral part I(x)
Now we find the matrix I corresponding to the part I(x). The kernel K(x, t) can be expanded to the truncated Boubaker series in the form
Then the matrix representation of K(x, t) can be given as Substituting the matrix forms (33) and (6) corresponding to the functions K(x, t) = H(x)B T (t) and y(x) = X(x)Z T b into the integral part I(x), we get the matrix
in order to make easy the calculation of I, we use the equation above
Matrix relations for the mixed conditions
We obtain the corresponding matrix forms for the conditions (2), by means of the relations (14), as
briefly, the matrix form for conditions (2) are
Method of solutions
We now ready to construct the fundamental matrix equation corresponding to Eq. (1). For this purpose, substituting the matrix relations (19) , (29) and (35) into Eq. (1) and then simplifying, we obtain the fundamental matrix equation
By plugging the collocation points x i defined by x i ¼ aþ bÀa N i; i ¼ 0; 1; . . . ; N: We get the system of matrix equations
or briefly the fundamental matrix equation
Hence, Eq. (42) can be written in the form
Finally, to obtain the solution of Eq. (1) 
and Eðx q Þ 6 10 Àkq (k q positive integer). If max 10 Àkq ¼ 10 Àk (k positive integer) is prescribed, then the truncation limit N is increased until the difference E(x q ) at each of the points becomes smaller than the prescribed 10
Àk . On the other hand, the error can be estimated by the function 
If E N (x) fi 0, when N is sufficiently large enough, then the error decreases.
Illustrative examples
In this section, several numerical examples are given to illustrate the properties of the method and also, shown that the absolute error and its upper bound are consistent. All the numerical computations have been done using Maple12. The collocation points are computed as
and from Eq. (42), the fundamental matrix equation of the problem
where the matrices are defined by
1 3=5 9=25 27=125 81=625 243=3125 H ¼ 1 0 0 0 0 0 ½ if these matrices are substituted in (48), it is obtained linear algebraic system. This system yields the approximate solution of the problem. The exact solution of this problem is y(x) = ln(x + 4). In Table 1 , the computed results of present method (PM) are compared with Chebyshev Method (CM) [14] .
Example 2. Let us find the Boubaker solution of the following third order mixed linear integro-differential-difference equation [31] y Table 2 . We display a plot of Legendre method, Chebyshev collocation method, Boubaker method and Exact solution for N = 9 in Fig. 1 . It seems that the solutions almost identical. One can obtain a better approximation to the numerical solutions by adding new terms to the series in Eq. (3).
Example 3. Consider the following linear integro-differentialdifference equation [14] Table 3 . In Table 4 and Fig. 2 , one can see the absolute errors of Example 3 using Boubaker method for N = 8. Table 1 Solutions and the absolute errors of Example 1 using Boubaker method for different N values. Example 4. Finally, suppose that the following linear integrodifferential-difference equation [14] y 000 ðxÞ À ðx À 1Þy 00 ðxÞ þ ðx À 1Þy 0 ðxÞ À yðxÞ þ y 0 ðx À 1Þ ¼ e ðxÀ1Þ þ x ex À 1
yð0Þ ¼ y 0 ð0Þ ¼ y 00 ð0Þ ¼ 1
(
The exact solution of this problem is y(x) = e x . Exact solution N=9 N=10 N=11 Fig. 3 The solutions of Example 4 using Boubaker method for different N values. Using the procedure in Section 3 and taking N = 9, 10 and 11 the matrices in Eq. (41) are computed. Hence linear algebraic system is gained. This system is approximately solved using the Maple12. The solution of the linear integro-differential-difference equation is obtained for N = 9, 10, 11. In Table 5 , It is indicated the absolute errors of Example 5 using Boubaker method for different N values. We also display a plot of the solutions of Boubaker method for N = 9, 10, 11 and exact solution in Fig. 3 . One can see clearly that when we increase the truncation limit N, we have less error (see Figs. 2  and 3 ).
Conclusion
In recent years, the studies of high-order linear integro-differential difference equation are of significance in branch of mathematics and physics. The Boubaker collocation methods are used to solve the linear integro-differential-difference equation numerically. It is observed that the method has the best advantage when the known functions in equation can be expanded to Boubaker series. Another considerable advantage of the method is that the Boubaker polynomial coefficients of the solution are found very easily by using computer programs. Illustrative examples are included to demonstrate the validity and applicability of the technique, and performed on the computer using a program written in Maple12. For numerical purposes we write the following computer programme in Maple, and proceed as in Appendix. To obtain the best approximating solution of the equation, we take more forms from the Boubaker expansion of functions, that is, the truncation limit N must be chosen large enough. In addition to these, an interesting feature of this method is to find the analytical solutions if the equation has an exact solution that is a polynomial functions. Illustrative examples with the satisfactory results are used to demonstrate the application of this method. Suggested approximations make this method very attractive and contributed to the good agreement between approximate and exact values in the numerical example.
As a result, the mentioned method is confirmed. We assured the correctness of the obtained solutions by putting them back into the original equation with the aid of Maple, it provides an extra measure of confidence in the results. We predict that the Boubaker collocation method will be a promising method for investigating exact analytic solutions to linear integro-differential-difference equation. The method can also be extended to the system of linear integro-differential difference equation with variable coefficients, but some modifications are needed.
